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Abstract—This Paper deals with estimating the states of a 
wastewater treatment plant (WWTP) regarding equality 
constraints acting on the states. First a reduced nonlinear model 
is presented, which is based on the rate of biomass growth in a 
continuous bioreactor. Then, a simulation study is performed to 
observe the state fluctuation of the presented model. The results 
of both simulation and extended Kalman filter will be depicted to 
demonstrate the ability of EKF as a state estimation technique. 
EKF is deficient in dealing with constraint problems and there is 
no way to involve the constraints which often act on the system. 
Therefore, it leads us to introduce moving horizon estimation 
(MHE) as a solution to this problem. MHE is actually an 
optimization problem which can be solved with various methods. 
We will introduce Shor’s r-algorithm which is selected to realize 
this goal.  Finally, the results obtained of both unconstrained 
extended Kalman filter and moving horizon estimation 
techniques are compared with each other. The result of this 
comparison demonstrates that in spite of possessing more 
processing time, MHE has less error during the period of 
simulation. 
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I.  INTRODUCTION  
        Nitrogen removal is an important operation in wastewater 
treatment which commonly consists of two sub-processes: 
Nitrification and Denitrification. The main process is 
nitrification during which ammonium ( +

4NH ) is oxidized to 
nitrate ( −

3NO ) in aerobic reactor. Subsequently, Denitrification 

process occurs to release nitrogen gas (N2) from ( −
3NO ) in 

anoxic reactor [1]. 
      The fact that internal variables which affect the system 
behavior are usually difficult or impossible to measure has 
made the scientists to establish different models to cope with 
this problem. The model of Hamilton [2], which includes two 
enzyme-related components, has been integrated into activated 
sludge model (ASM1) by Henze et al [3]. 
    Later ASM1 model was extended to eASM by Hamilton et 
al [4] to make it feasible to deal with estimation of the 
parameters as well as the states of the process. 

    The Extended Kalman Filter (EKF) is the most widely used 
nonlinear state estimator which has been used for past few 
decades. However, EKF is deficient to deal with constraints 
(equality and inequality) that must be satisfied. There are 
different approaches to deal with the constraints which limit 
estimation of the states of the system [5]. 
     In this paper we focus on MHE [5] which is an 
optimization-based strategy for state estimation that was first 
proposed by (Thomas 1975 and Kwon et. al. 1983). Although, 
it was Jang et al. 1986 who first proposed the unconstrained 
MHE as an on-line optimization strategy. 
      In this paper we discuss the above method to handle 
operating equality constraints on the wastewater pilot plant as 
a case study. 

 Figure1.  Hydraulic model of wastewater pilot plant. 
 

II. PROCESS MODEL 

A. Nonlinear model 
     The studied pilot plant was chosen from Kanapaha water 
reclamation facility which has been experimented by Hamilton 
et. al. [4] to estimate composition of wastewater pilot plant. 
The results and related data are available at: 
http://www.ees.ufl.edu/homepp/koopman/hamilton.etal2 
     The simplified hydraulic model of the plant is shown in 
Figure1. It is assumed that there is one anoxic basin and four 
aerobic basins in series in two trains and one secondary 
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clarifier which the sludge flow out of the system after 
qualifying sludge retention time (SRT). Information about 
intra-facility dilution streams was used to calculate the 
biomass concentrations entering the process by diluting the 
standard wastewater composition are given in Table I [4]. 

TABLE I.  INFLUENT WASTEWATER COMPOSITION 

Component 
 

Symbol  Units Value 

Soluble inert substrate  
Particulate inert substrate 
Readily degradable substrate 
Slowly degradable 
particulate substrate 
Nitrate plus nitrite nitrogen 
Ammonia nitrogen 
Soluble degradable organic 
nitrogen 
Particulate degradable 
organic nitrogen 
Active heterotrophic 
biomass 
Active autotrophic biomass 
Inert decay products 
Alkalinity 
Dissolved oxygen 
Nitrate reductase 
Intracellular nitrate 
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62 
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99 
247 

 
0 

24 
4 
 

6 
 

0 
0 
0 
6 
0 
0 
0 

 
Values taken from potter et al.(1996). 
aKatlas (moles substrate reduced per second). 

 
     The changing rate of each composition of the wastewater is 
calculated by: 

transfermassratereactionadvection
dt
dX

++= _           (1) 

where the advection (bulk flow) terms are described by a 
hydraulic model, the reaction terms by a biochemical model 
and the mass transfer term describes the action of the aerators. 
Equation (2) gives the anoxic basin advection expression for 
particulate material. The term setunfX is the component 
concentration of underflow layer of the settler which is 
recycled back to the anoxic basin to save energy and cost. It is 
assumed that the concentrations of soluble components in the 
fourth aerobic basin and all layers of the settler (see Figure 4) 
including the underflow to the anoxic basin are equal [15].  
 

an

anRAAMA

an

bMA

an

setunfRA

an

luentAan

V
XFFF

V
XF

V
XF

V
XF

dt
dX )(4inf ++

−++=

(2) 
     The advection terms for virtual aerobic reactors are defined 
in Equations (3) to (6): 
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     The reaction rate is the sum of twelve different processes 
each of which include several ingredients depicted in Table II. 
Therefore, the reaction rate for the ingredient i  will be: 

jj iji VRate ρ∑=         (7) 

where jρ is the thj process rate and ijV is the thi component of 

the thj process of the ingredients matrix 1215×V  in Table II. 
     The mass transfer component of the overall balance 
equation describes the rate at which the surface aerators are 
able to introduce dissolved oxygen into the aerobic basin. The 
mass transfer for oxygen is given below, where the index i 
represents the number of aerobic basin. The value for 2LAK  is 
derived from performance per horsepower specifications from 
the manufacturer and the performance for the remaining 
aerators was found by fitting ASM1 to the KWRF nutrient 
data. 
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     Activated sludge plants transform organic matter into 
biomass. The effective operation of the process requires the 
biomass to be removed from the liquid stream (in the 
secondary settler) prior to being discharged in the receiving 
waters. The sedimentation of the particles in the liquor is 
achieved by gravity along with the density differences 
between the particles and the liquid. Part of the biomass is 
purged, while a large fraction is returned to the biological 
reactor to maintain the appropriate substrate-to-biomass ratio. 
This means that the settler combines functions of clarification 
and thickening into one unit, as shown in Figure 2. In some 
cases the settler model can perform more important tasks, such 
as sludge storage or reactions. 

 
Figure2. Secondary settler 

 
     The model considers only one state variable for all of the 
particulate components (the solids concentration) and all the 
soluble state variables, leaving the settler without settling. 
     The model was extended to include the clarification zone 
(not included by Strenstrom) by Vitasovic in 1985 [14]. The 
settler was divided into ‘n’ layers (see Figure 4) with the feed 
entering in layer ‘m’. It is assumed the feed is instantaneously 



and completely distributed throughout the feed layer. Thus, 
the region below the feed level is modeled according to 
Strenstrom’s approach and the clarification zone represented 
according to the Vitasovic’s extension of the model. 
     In Figure 3, the simplified flow scheme is shown. At the 
inlet section the inflow and the solids concentration are 
homogeneously spread over the horizontal cross section, and 
the incoming solids are distributed uniformly and 
instantaneously across the entire cross-sectional area. The 
flow is divided into a downward flow towards the underflow 
outlet at the bottom, and an upward flow. 
 

 
Figure3. Influent distribute homogeneously through feed layer 

 

B. Reduced model 
 
      We simplified the model to be able to define some 
constraints embedding all 5 basins of train A. In this paper we 
are interested in the concentration of active heterotrophic 
biomass HBX , and active autotrophic biomass ABX , . Hereby, 
we reduce the number of 5×15 differential equations of 5 
basin of train A to 10 by choosing HBX , , ABX ,  as the main 
ingredients of the processes among all 15 ingredients. 
Therefore, the related reactions for each basin occur as below:  
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     The mass balance in each reactor can be written as: 

ii
i ratereactionadvection

dt
dX _+=                   (11) 

     All states of reduced order model are summarized in Table 
III. These equations will be used later in Kalman state 
estimation. luentX inf  is a scaled concentration entering the 

process by  diluting the standard wastewater composition and 
Vx is the volume of xth basin in Figure1. 

TABLE II.   

TABLE III.  TABLE II. EASM1M  MODEL 

 



 
 
     The expression for reaction rates and value of parameters 
that were used in this work are all given in [4]. 
The model is based on the solid flux concept, which states that 
the solids entering the secondary settler are carried to the 
bottom via the gravity settling flux (Js) and the bulk flux (Jb). 
The first is resulted from the sludge settling downward 
through the water, whereas the second is from the water 
moving downward in the settler owing to the underflow sludge 
recycle pump. The total flux is given by: 

bs JJJ +=             (12) 
     Five different groups of layers are represented in the 
Vitasovic’s model depending on their position relative to the 
feed point: the top layer and the layers above the feed point 
(clarification zones); the feed layer; the layers below feed 
point; and the bottom layer (thickening zones). These layers 
can be modeled as: 
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Figure4. Traditional one dimensional layer settler model 

 
where Zi is the depth of the ith layer of the settler. We assumed 
that all layers have the same depth of 0.46 meter. Additionally, 

mclarJ , is the gravity settling flux for the mth layer calculated 
as: 
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where the threshold concentration Xt is equal to 3000 g.m-3 
and is adopted from the BSM1 benchmark [15]. 
     To calculate the distribution of particulate concentrations in 
the recycle and the wastage flows, their ratios with respect to 
the total solid concentration are assumed to remain constant 
across the settler [16]: 
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where TSSf and Xing,f are the influent concentrations of TSS 
and the specified particle to the settler respectively. Also, 
TSSunf and Xing,unf correspond to the similar parameters in the 
underflow of the settler. Note that this assumption means that 
the dynamics of the fractions of particulate concentrations in 
the inlet of the settler will be directly propagated to the settler 
underflow and overflow, without taking into account the 
normal retention time in the settler [15]. 
     Moreover, initial values of total suspended solid values of 
10 layers were adopted from Hamilton experiment based on 
the Kanapaha wastewater treatment plant [4]. Figure5 depicts 
the variation of total suspended solid in the period of 
simulation for underflow, feed and top layers respectively. It is 
shown that the amount of TSS increases until it reaches to a 



steady value. Please note that there is a sinusoidal harmonic in 
the picture which is made of sinusoidal origin of the influent 
flow to the system. 
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Figure5. Total suspended solid concentration for bottom 
layer for 2 weeks of simulation 

 

C. Nonlinear constraints on the system 
 

    Although EKF is the most popular means of estimating the 
states for nonlinear systems, it is not able to cope with 
constraints problem such as g(x) = h.  
    Constraints are additional conditions which act on the states 
and show the limits of states variation because of physical 
property of the system or desired operating programs.  
     In the steady-state case the sludge retention time (SRT) 
calculation is based on the total amount of biomass present in 
the system, i.e. the reactor and the settler [15], [17]: 

we
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φφ +

+
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where TXa is the total amount of biomass present in the 
reactor: 
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TXs is the total amount of biomass present in the settler: 
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eφ  is the loss rate of biomass present in the settler: 

( ) emABmHBe QXX .,,,, +=φ                      (23) 

where m=10 and wφ is the loss rate of biomass in the wastage 
flow: 

( ) wuABuHBw QXX .,,,, +=φ                    (24) 
 

     On the basis of laboratory tests and actual operating data, it 
has been found that a SRT of about 3 to 15 days results in the 
production of a stable, high quality effluent sludge with 
excellent settling characteristics [17] and [18]. In this work we 
take a value of SRT equal to 10 days and this is then used to 
estimate the states under the specified SRT constraint. 

III. UNCONSTRAINT STATE ESTIMATION 
     As explained earlier the wastewater pilot plant is governed 
by continuous–time dynamics whereas the measurements are 
obtained at discrete instants of time. Hybrid EKF [6] is a 
special format of EKF that deals with these types of systems. 
     The complete reduced nonlinear model describing 
ammonia mass balance can be written in the following state 
space equations: 
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where x& is presented by equations (1) to (10) of Table III, and 
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     Additionally, )(tw is a continuous white noise with 
covariance Q that was taken to be equal to 

556.0 ×I , and the 
measurement noise Kv  is a discrete white noise with 
covariance kR assumed to be 0.6 for the accuracy of ammonia 
probe in the third Aerobic basin. 
    The rate of states and related error covariance can be 
written as: 
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where F is the Jacobian of f with respect to the state vector. 
We need to discretize the differential algebraic equation (25) 
conceptually in order to perform any computation or analysis 
as below: 
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where k denotes the discrete-time index. A typical choice is 

sTkt Δ= where sTΔ is sampling period that in our simulation, 
it assumed to be equal to one hour. Additionally, kH is the 
Jacobian of  )( kxh  with respect to the state vector. A 
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posteriori state vector )ˆ( +
kx and error covariance )( +

KP are 
calculated as below: 
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kK  is the Kalman gain of EKF. The Initial states and 

covariance matrices were assumed as: 
      

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

−

−

−

−

−

−

−

−

−

−

−

−

−

−

−

−

−

−

3828.47
5722.425
4283.47
2335.426

5217.47
0126.427
3046.47
8892.424
0340.46
0834.396

X
X
X
X
X
X
X
X
X
X

0,10

0,9

0,8

0,7

0,6

0,5

0,4

0,3

0,2

0,1

4,

4,

3,

3,

2,

2,

1,

1,

,

,

x
x
x
x
x
x
x
x
x
x

abAB

abHB

abAB

abHB

abAB

abHB

abAB

abHB

anAB

anHB

           

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=−

10000000000
040000000000
00100000000
000400000000
00001000000
000004000000
0000010000
000000040000
00000000100
000000000400

0P

 

 
      A comparison between simulated states and EKF estimator 
is depicted in Figures 6 and 7. In these figures both simulation 
and extended Kalman filtered results have been shown for 
each of the reactors in the anoxic and four aerobic basins. To 
simulate this model numerically, Matlab software was used 
[12]. 
 

IV. CONSTRAINT STATE ESTIMATION 

      Suppose hxg k =)(  is a nonlinear constraint on state 
vector, as proved by Dan Simon [5], the nonlinear constraint 
can be expanded by Taylor series around −

kx̂  to obtain a 
linearized constraint  

−−−

−

+−=

=

=

kkk

k

k

xxgxghd

xgD

dDx

ˆ)ˆ()ˆ(

)ˆ(
&

&           (30) 

where the D matrix is a known ns×  matrix )( ns < . 
 

A. Moving Horizon Estimation technique 
 

     From the perspective of probability theory, state estimation 
means the conditional probability density function of the states 

{ }Txxx ,...,, 10  given the measurements { }110 ,...,, −Tyyy   

where T-1 is time of the current measurement [9],[10]. 
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Figure6. A comparison between EKF and simulation for 

concentration of heterotrophs XB,H for all basins 

 
Figure7. A comparison between EKF and simulation 

for concentration of autotrophic XB,A for all basins 
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     The optimal estimate of the state at time k is denoted as 

1ˆ −Tkx and is a function of conditional probability density 

function (30). A typical choice for this function is maximum a 
posteriori estimate: 
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    This can be interpreted to the following optimization 
problem [5], [9], [10]: 
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where{ }+kx̂ ={ }11110 ˆ,...,ˆ,ˆ −−− TTTT xxx , and F & H are 

Jacobians of process model and measurement model 
respectively, regarding state vector of the process. This 
optimization problem can be solved by quadratic 
programming that is explained in [12]. To handle increasing 
dimension of mathematical optimization problem (32), it is 
required to limit the bound of optimization as next 
measurements are received [10]. So, the modified moving 
horizon estimator is written as:  
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 where M presents the horizon length. In other words, MHE 
accounts only for the last M  measurements and the window 
of estimating moves forward as a new measurement arrives. 
     To deal with the constraints discussed earlier in section IV 
and to obtain the optimal states vector, the optimization 
problem can be altered as:   
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(35) 
where hxgxz kk −= )()( . 

    To solve this optimization problem the "SolvOpt" Matlab 
program written by Alexei Kuntsevich and Franz Kappel [13] 
was used. "SolvOpt" apply Shor’s r-algorithm which is 
elaborated in the next section.  
     The size of the horizon is a compromising solution between 
estimation accuracy and computational effort. Results for the 
state estimation using MHE in comparison with extended 
Kalman filter are shown in Figures 8 and 9. 

 

B. Shor’s r-algorithm technique 
     Shor's r-algorithm seems to be one of the most efficient 
methods for the minimization of non-smooth (i.e., almost-
differentiable) functions [19]. 

     The main idea of the algorithm is to make steps in the 
direction opposite to a sub-gradient at the current point. 
However, the steps are to be made in the transformed space.  
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The way to perform this transformation is quite simple. In 
each iteration, one calculates the difference between a sub-
gradient at the current point and that calculated at the previous 
step. The direction obtained is used to perform dilation of the 
space with a given a priori as coefficient α > 1. 



     Let f(.) be an almost-differentiable convex function defined 
on Rn which is differentiable on its domain except on a set of 
measure??? zero. Let us denote an almost-gradient of f(.) at 
the point x by gf(x). Consider the following iterative algorithm 
(steps 1 through 9 below) for minimization of the function f(.). 
     Assume that after k iterations one has obtained the point xk, 
the space transformation matrix Bk and the sub-gradient kg~ of 
the function )()( yBfy kk =ϕ at the point .~

1
1

−
−= kK xBy  

At the (k+1)-th iteration the following calculations have to be 
performed: 
 
1- Calculate gf (xk), a sub-gradient f at xk. 

2- Calculate )( Kf
T
Kk xgBg =

∗
 a sub-gradient of kϕ  at 

.1
kKk xBy −=  

3- Calculate kkK ggr
~

−=
∗

, the difference of the two 

sub-gradients of kϕ at Ky  and Ky~ . 
4- Set kKK rr /1 =+ξ . The normalized vector 1+Kξ is the 

direction of the next space dilation to be performed. 
5- Calculate )( 11 ++ = KKK RBB ξβ , where αβ /1= . The 

matrix )( 1+KR ξβ  is the inverse of )( 1+KR ξα , the 

matrix of the space dilation in the direction 1+Kξ with 
coefficient α given by: 
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(36) 
6- Calculate )(~

11 Kf
T
Kk xgBg ++ = that is a sub-gradient of the 

function )()( 11 yBfy kk ++ =ϕ at the point KKk xBy 1
11

~ −
++ = . 

7- Choose a step size hk+1. 
8- Set 1111

~
++++ −= KKKKK gBhxx . 

9- Check the stopping criterion and stop if it is satisfied, 
otherwise proceed to the next iteration. 

 
     To turn the r-algorithm as presented above into an efficient 
and robust optimization routine, one has to find solutions to 
the following problems: 
• Initialization and re-initialization of the space transform 

matrix Bk and initialization of the step size hk . 
• Choice of the step size hk+1 to optimize the efficiency of 

space dilation in the direction of two consecutive sub-
gradients (of the transformed function kϕ ). 

• Construction of a stopping criterion which does not need 
information on gradients. 

 
For detail information please see manual script for “SolvOpt” 
program [13]. 
 

V. RESULTS 
 
    Accumulated RMS constraint error (see equation 37) 
recorded for 7 days of simulation and the time of processing 
for estimation of ammonia nitrogen is shown in Table IV. The 

total data of ammonia probe measurements for the whole 
period of simulation (7 days with 1 hour as sampling period) 
was utilized in each filtering technique in a real time manner. 
The accumulated RMS error for all sampled data, RMSerror, 

and the initial constraint value, ),(xEN were calculated as: 
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where T is the total duration of simulation. 
     In Table IV, it is shown that MHE results in a lower 
amount of accumulated RMS error and a higher amount of 
processing time than the corresponding outcomes of EKF in 
the period of the experiment. It should be noted that the 
elapsed computation time was measured in a PC with a CPU 
clock of 3GHz. 
 

TABLE IV.  DIFFERENT METHOD OF CONSTRAINED 
STATE ESTIMATION 

Method 
 

Accumulated Constraint 
RMS Error 

 

Elapsed 
time 

 

Unconstrained 
EKF 

 

1.0e+003 *    1.3212 
 

115.1 s 
 

Moving Horizon 
estimation  

 

1.0e+003 *     0.2050 
 

127.5 s 

 

VI. CONCLUSION 
    Although extended Kalman filter is a powerful technique to 
estimate the states of the system for processes where a direct 
measurement of the states is not possible, it is deficient to deal 
with constraint problems. We discussed the MHE method to 
cope with this constraint problem acting on a reduced 
nonlinear wastewater model. It was then verified that MHE 
has a superior capability to deal with this issue than a 
conventional method. 
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