
 
 

 

  

Abstract— In this paper, by use of the properties of matrix 
measure, a set of linear and quadratic conditions is obtained 
which is sufficient for stabilizability of switched linear systems. 
These conditions are easily applicable because of their special 
form. So they are suitable to apply specially for higher order 
systems with several subsystems. Moreover, different system 
performances can also be achieved by using an appropriate 
objective function subject to the proposed conditions. In this 
way, an optimization problem is also introduced to stabilize the 
system with sub-optimal convergence rate. Finally a numerical 
example is used to show the effectiveness of the proposed 
approach. 
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I. INTRODUCTION 
n past decades, applying hybrid systems has raised 
considerably in different fields such as manufacturing 
systems [1,2], communication networks and traffic control 

[3,4,5], chemical processing [6], and aircraft control [7].  
However, Study of hybrid systems is still challenging and in 
the elementary stage since hybrid models are generally 
complex [8]. A hybrid system consists of both continuous 
dynamics and discrete elements to form a dynamic system. 
A standard model for such systems is presented in [8]. As a 
special class of hybrid systems, switched systems can be 
mentioned which contain subsystems and a switching rule 
which manages the switching between them. Recent years, 
an increasing interest has been met in analysis and control of 
switched systems with their applications [9-16]. 

Constructing a switching law which makes the switched 
system asymptotically stable is a basic problem in stability 
and design of switched systems [11]. Some necessary 
conditions has been provided in [15] for stability of switched 
linear systems. Ref. [16] dealt with an effort on the synthesis 
of a switching strategy to stabilize switched linear systems 
with unstable subsystems. In addition, an state dependent 
switching strategy was proposed and it has been shown that 
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the existence of Hurwitz linear convex combination of 
subsystem matrices is sufficient for the existence of such 
stabilizing switching strategy. The same assumption of the 
existence of stable convex combination of subsystems has 
been met in [17] to present an extension of dynamic output 
feedback with a robust detectability condition. In this work, 
a set of conditions has been provided which can guarantee 
the stability along with quadratic Lyapunov functions via 
dynamic output feedback. Stability of switched systems with 
fully controllable subsystems is discussed in [18]. But it 
doesn't consider the design procedure. Practical stabilization 
problem for switched linear systems is studied in [19]. In 
addition, under the same assumption of the existence of 
stable convex combination, a periodically switching strategy 
has been constructed which makes the overall system 
asymptotically stable. 

This paper is focused on setting up a set of linear and 
quadratic conditions for stability of switched linear systems 
with desirable convergence rate. Besides, some system 
performances can be obtained by adding appropriate 
objective functions to the proposed constraints.  

The paper is organized as follows. Section 2 contains the 
preliminaries, section 3 is the main ideas, section 4 gives 
proposed formulation and a numerical example is presented 
in section 5.  

II. PRELIMINARIES 
Consider the following autonomous switched linear time 

invariant system: 
 

ሻݐሶሺݔ ൌ ,  ሻݐሺݔఙሺ௧ሻܣ ଴ሻݐሺݔ ൌ  ଴                                                    ሺ1ሻݔ
 

where, ݔሺݐሻ א ܴ௡ is the state initialized at ݔ଴,        
:ሻݐሺߪ ܴା ՜ ሼ1,2, ڮ , ݉ሽ is the piecewise constant switching 
signal to be designed and ܣ௜ א ܴ௡ൈ௡ is real constant matrix 
which represents the ݅௧௛ subsystem for ݅ א ሼ1,2, ڮ , ݉ሽ. Note 
that ߪሺݐሻ ൌ ݅  means the ݅௧௛ subsystem is active. 

Now we introduce the notion of switching sequence 
which is needed to describe switching signals. A switching 
sequence over time interval ൣݐ଴,  ௙൯ is defined asݐ

 
ሼሺݐ଴, ݅଴ሻ, ሺݐଵ, ݅ଵሻ, ڮ , ሺݐெ, ݅ெሻሽ                                                                ሺ2ሻ 

 
where, ݐ௞, ݇ ൌ 0,1, ڮ ,  are switching time instants such ܯ
that ݐ଴ ൏ ଵݐ ൏ ڮ ൏ ெݐ ൏  ௙ and ݅௞ is the index of subsystemݐ
which is activated at ݐ௞ for ݇ ൌ 0,1, ڮ ,  Also an .ܯ
associated periodic switching signal with period of           
ܶ ൌ  ଴  can be defined as followsݐ௙ିݐ
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ሻݐሺߪ ൌ ݅௞                                                                                              ሺ3ሻ  

at time instants ܽܶ ൅ ܽ ௞ forݐ ൌ 0,1,                        and ڮ
݇ ൌ 0,1, ڮ ,  .ܯ

 
Definition 2.1 (stabilizability via periodic switching): 
System (1) is said to be asymptotically stabilizable via 

periodic switching if there is a periodic switching signal  
 .ሻ such that the system is asymptotically stableݐሺߪ

 
Definition 2.2: 
System (1) is said to be (exponentially) convergent if 

there exist two positive real numbers ן and ߚ such that 
 

ԡݔሺݐሻԡ ൑ ݐ׊   ఈሺ௧ି௧బሻି݁ߚ ൒  ଴                                                            ሺ4ሻݐ
   
where, ߙ is known as convergence rate of switched system 
(1). 

III. MAIN IDEAS 
First, the average approach is introduced which is useful 

to manage the convergence rate of switched system (1): 
 
Definition 3.1: 
For switched system (1), average system can be defined as 

following linear time invariant system 
 

ሻݐሶሺݔ ൌ ,  ሻݐሺݔܣ ଴ሻݐሺݔ ൌ  ଴                                                                   ሺ5ሻݔ
 

where, matrix ܣ is linear convex combination of ܣ௜: ݅ ൌ
1,2, ڮ , ݉. In addition, if average system is stable, then its 
convergence rate can be defined as 

 
߰ ൌ െ max

௜ୀଵ,ڮ,௡
ሼܴ݁ ߣ௜ሺܣሻሽ                                                                       ሺ6ሻ 

 
where, ߣ௜ሺܣሻ: ݅ ൌ 1,2, ڮ , ݊ are eigen values of ܣ. 

 
Now a sufficient condition is introduced for stabilizability 

of switched system (1) via periodic switching: 
 
Proposition 3.1 [20]: 
Suppose that there are real numbers ݓ௜ ൒ 0, ݅ ൌ

1,2, ڮ , ݉, ∑ ௜ݓ
௠
௜ୀଵ ൌ 1 such that for system (1)  

ܣ ؝ ∑ ௜ݓ
௠
௜ୀଵ  ௜ is hurwits. Then the switched system isܣ

asymptotically stable via following periodic switching 
signal: 

 
ݐ׊ ൒  ଴ݐ

 

ሻݐሺߪ ൌ

ە
ۖ
۔

ۖ
ۓ

,ݐሺ݀݋݉ ݂݅                                     1 ܶሻ א ሾ0, ଵܶሻݓ
,ݐሺ݀݋݉ ݂݅                 2 ܶሻ א ሾݓଵܶ, ሺݓଵ ൅ ଶሻܶሻݓ
                                                                                  ڭ

,ݐሺ݀݋݉ ݂݅                     ݉ ܶሻ א ൥൭ ෍ ௜ݓ

௠ିଵ

௜ୀଵ

൱ ܶ, ܶ൱

              ሺ7ሻ 

 

where, ܶ is period of switching which should be chosen 
small enough and ݉݀݋ሺݐ, ܶሻ denotes the reminder of  ݐ 
divided by ܶ. Moreover, the convergence rate of the 
switched system can arbitrarily approach that of the average 
system via periodic switching (7) if period of switching is 
sufficiently small. 

 
Proof: 
The solution of the switched system via presented 

periodic switching after first period can be computed to be 
 

ሺܶሻݔ ൌ ்݁௪೘஺೘ ڮ ்݁௪మ஺మ்݁௪భ஺భݔ଴                                                   ሺ8ሻ 
 
and after ܽ௧௛ period is 
 

ሺܽܶሻݔ ൌ ்݁௪೘஺೘ ڮ ்݁௪మ஺మ்݁௪భ஺భݔሺሺܽ െ 1ሻܶሻ                             ሺ9ሻ 
 
So the state transition matrix of the system after one 

period is 
 

߮ ൌ ்݁௪೘஺೘ ڮ ்݁௪మ஺మ்݁௪భ஺భ                                                           ሺ10ሻ 
 
On the other hand, since ܣ ൌ ∑ ௜ݓ

௠
௜ୀଵ  ௜ is Hurwitz, thereܣ

exists a sufficiently small ߝ ൐ 0 such that ߮ is schur stable 
for any ܶ ൏  Hence, by choosing small enough ܶ, the .[20] ߝ
switched system is asymptotically stable. Latter case is also 
proved in [20].ז 

 
This proposition implies that the existence of stable linear 

convex combination of subsystems is sufficient for switched 
system (1) to be periodically stabilizable with convergence 
rate near that of its average system. Note that the same 
assumption of stable convex combination can be met in [16, 
17, and 19]. In this paper, we are interested in finding 
corresponding set of linear and quadratic conditions which 
can be verified the existence of stable linear convex 
combination effectively. Hence, the concept of matrix 
measure is introduced. 

 
Definition 3.2: 
Let ԡ·ԡ௜ be an induced matrix norm on ܴ௡ൈ௡. Then the 

corresponding matrix measure is defined by: 
 

ቐ
:ሺ·ሻߤ ܴ௡ൈ௡ ՜ ܴ                 

ሻܣሺߤ ൌ lim
௛՜଴శ

ԡܫ ൅ ԡ௜ܣ݄  െ  1
݄

                                                          ሺ11ሻ 

   
In addition, the matrix measures of ܣ ൌ ሺܽ௜௝ሻ 

corresponding to the two common norms ԡ·ԡଵ and ԡ·ԡ∞ can 
be formulated as: 

 

ሻܣଵሺߤ ൌ sup
௞

ۉ

ۈ
ۇ

 ܽ௞௞ ൅ ෍ห ௝ܽ௞ห
௡

௝ୀଵ
௝ஷ௞ ی

ۋ
ۊ

                                                      ሺ12ሻ 

and  



 
 

 

ሻܣሺ∞ߤ ൌ sup
௝

ۉ

௝ܽ௝ ۇ ൅ ෍ห ௝ܽ௞ห
௡

௞ୀଵ
௞ஷ௝ ی

 ሺ13ሻ                                                      ۊ

 
Lemma 3.1: 
Let λ be an eigenvalue of matrix ܣ. Then  ܴ݁ λ  ൑  .ሻܣሺߤ 
 
Proof. See [21].ז 
 
Corollary 3.1: 
Matrix ܣ is stable if  ߤሺܣሻ ൏ 0 for some matrix measure 

  .ߤ

IV. PROPOSED FORMULATION 
For switched system (1), let 
 

௜ܣ ൌ ቎
ܽଵଵ

௜ ڮ ܽଵ௡
௜

ڭ ڰ ڭ
ܽ௡ଵ

௜ ڮ ܽ௡௡
௜

቏   , ݅ ൌ 1,2, ڮ , ݉                                          ሺ14ሻ 

 
Then convex combination of subsystem matrices is given 

by 
 

ܣ ൌ ෍ ௜ݓ

௠

௜ୀଵ

௜ܣ ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
෍ۍ ܽଵଵ

௜ ௜ݓ

௠

௜ୀଵ

ڮ ෍ ܽଵ௡
௜ ௜ݓ

௠

௜ୀଵ
ڭ ڰ ڭ

෍ ܽ௡ଵ
௜ ௜ݓ

௠

௜ୀଵ

ڮ ෍ ܽ௡௡
௜ ௜ݓ

௠

௜ୀଵ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې

                             ሺ15ሻ 

 
where, ݓ௜ ൒ 0, ݅ ൌ 1,2, ڮ , ݉, ∑ ௜ݓ

௠
௜ୀଵ ൌ 1. 

 
Now consider ߤଵሺܣሻ which is obtained as 
 

ሻܣଵሺߤ ൌ sup
௞

ۉ

ۈ
ۇ

෍ ܽ௞௞
௜ ௜ݓ

௠

௜ୀଵ

൅ ෍ อ෍ ௝ܽ௞
௜ ௜ݓ

௠

௜ୀଵ

อ
௡

௝ୀଵ
௝ஷ௞ ی

ۋ
ۊ

                               ሺ16ሻ 

 
Although the objective function of ߤଵሺܣሻ is nonlinear, it 

can be transform to a linear function subject to linear and 
quadratic constraints as follows: 

Let ௝ܴ௞ ൌ max൛∑ ௝ܽ௞
௜ ௜ݓ

௠
௜ୀଵ , 0ൟ and 

௝ܵ௞ ൌ max൛െ ∑ ௝ܽ௞
௜ ௜ݓ

௠
௜ୀଵ , 0ൟ for ݆, ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇. So 

either ௝ܴ௞ or ௝ܵ௞ is zero. Then ߤଵሺܣሻ can be rewritten as 
follows: 

    

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ

ሻܣଵሺߤ ൌ sup
௞

ۉ

ۈ
ۇ

෍ ܽ௞௞
௜ ௜ݓ

௠

௜ୀଵ

൅ ෍ሺܴ௝௞ ൅ ௝ܵ௞ሻ
௡

௝ୀଵ
௝ஷ௞ ی

ۋ
ۊ

               

.ݏ                                                                                          .ݐ
     ௝ܴ௞ ௝ܵ௞ ൌ ,݆    ݎ݋݂                          0 ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

     ௝ܴ௞ െ ௝ܵ௞ ൌ ෍ ௝ܽ௞
௜  ݎ݋݂    ௜ݓ

௠

௜ୀଵ

  ݆, ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

     ௝ܴ௞ ൒ 0, ௝ܵ௞ ൒ ,݆    ݎ݋݂               0 ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

        ሺ17ሻ  

 
By similar procedure for ߤ∞ሺܣሻ, it is obtained that: 
 

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ

ሻܣሺ∞ߤ ൌ sup
௝

ۉ

෍ۇ ௝ܽ௝
௜ ௜ݓ

௠

௜ୀଵ

൅ ෍ሺܴ௝௞ ൅ ௝ܵ௞ሻ
௡

௞ୀଵ
௞ஷ௝ ی

         ۊ

.ݏ                                                                                         .ݐ
     ௝ܴ௞ ௝ܵ௞ ൌ ,݆    ݎ݋݂                          0 ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

     ௝ܴ௞ െ ௝ܵ௞ ൌ ෍ ௝ܽ௞
௜  ݎ݋݂   ௜ݓ

௠

௜ୀଵ

  ݆, ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

     ௝ܴ௞ ൒ 0, ௝ܵ௞ ൒ ,݆    ݎ݋݂                0 ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

        ሺ18ሻ 

 
Now the following theorems can be stated: 
 
Theorem 4.1: 
Suppose that for system (1) the following set of linear and 

quadratic conditions are satisfied: 
 

ە
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
෍ۓ ܽ௞௞

௜ ௜ݓ

௠

௜ୀଵ

൅ ෍ሺܴ௝௞ ൅ ௝ܵ௞ሻ
௡

௝ୀଵ
௝ஷ௞

൏ െן    ,   ݇ ൌ 1,2, ڮ , ݊

௝ܴ௞ ௝ܵ௞ ൌ 0                                   ,   ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

௝ܴ௞ െ ௝ܵ௞ െ ෍ ௝ܽ௞
௜ ௜ݓ ൌ 0

௠

௜ୀଵ

      ,   ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

௝ܴ௞ ൒ 0, ௝ܵ௞ ൒ 0                     ,   ݆, ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

෍ ௜ݓ

௠

௜ୀଵ

ൌ 1                                                                             

௜ݓ ൒ 0                                                       ,   ݅ ൌ 1,2, ڮ , ݉

               ሺ19ሻ 

 
where, ן ൐ 0 is desirable convergence rate. Then the system 
is asymptotically stabilizable with convergence rate better 
than ן. 

 
Proof. 
Since ܣ ൌ ∑ ௜ݓ

௠
௜ୀଵ  ௜, satisfaction of last two conditionsܣ

implies that ܣ is linear convex combination of subsystem 
matrices. On the other hand, based on formulation of ߤଵሺܣሻ, 
satisfaction of first four conditions imply that  ߤଵሺܣሻ ൏ െן 
and hence, by corollary 3.1, ܣ is stable. Moreover, based on 
lemma 3.1, since ܴ݁ ߣሺܣሻ ൏ ሻܣଵሺߤ  ൏ െן, for average 
system we have  ߰ ൐ ן. Hence, by proposition 3.1, switched 
system (1) is asymptotically stabilizable with convergence 
rate better than ז .ן 

 



 
 

 

Theorem 4.2: 
Suppose that for system (1) the following set of linear and 

quadratic conditions are satisfied: 
 

ە
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۓ ෍ ௝ܽ௝

௜ ௜ݓ

௠

௜ୀଵ

൅ ෍ሺܴ௝௞ ൅ ௝ܵ௞ሻ
௡

௞ୀଵ
௞ஷ௝

൏ െן    ,   ݆ ൌ 1,2, ڮ , ݊

௝ܴ௞ ௝ܵ௞ ൌ 0                                   ,   ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

௝ܴ௞ െ ௝ܵ௞ െ ෍ ௝ܽ௞
௜ ௜ݓ ൌ 0

௠

௜ୀଵ

      ,   ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

௝ܴ௞ ൒ 0, ௝ܵ௞ ൒ 0                     ,   ݆, ݇ ൌ 1,2, ڮ , ݊ , ݆ ് ݇

෍ ௜ݓ

௠

௜ୀଵ

ൌ 1                                                                             

௜ݓ ൒ 0                                                       ,   ݅ ൌ 1,2, ڮ , ݉

               ሺ20ሻ 

 
where, ן ൐ 0 is desirable convergence rate. Then the system 
is asymptotically stabilizable with convergence rate better 
than ן. 

 
Proof. 
Proof is the same as previous theorem except that ߤ∞ሺܣሻ 

is used instead of ߤଵሺܣሻ.ז 
 
These theorems present two sets of linear and quadratic 

conditions for stabilizability of switched linear autonomous 
systems with desirable convergence rate. It should be note 
that these criteria are more valuable in the presence of higher 
order switched systems with several subsystems since they 
can be easily verified. The other advantage is that different 
system performances can also be achieved by introducing an 
appropriate objective function subject to the proposed 
constraints.  For example the following optimization 
problem can be used to improve the convergence rate of 
system (1) via periodic switching (7): 

 

൝
max                                                ן

.ݏ                                                 .ݐ
ሺ20ሻ ݎ݋ ሺ19ሻ ݐ݁ݏ ݐ݊݅ܽݎݐݏ݊݋ܿ      

                                                ሺ21ሻ         

 
where, ן is a lower bound of convergence rate. Moreover, 
obtained convergence rate is sub-optimal, since switching 
law is restricted to be periodic. 

V. NUMERICAL EXAMPLE 
Here a numerical example is presented to illustrate the 

effectiveness of the proposed approach in stability analysis 
of switched linear systems: 

 
Consider a 3rd order autonomous switched linear system 

with three unstable subsystems as: 
 

ଵܣ ൌ ൥
െ3 0 െ0.25
0.1 െ4 െ0.5
െ1 1 1

൩ ;                                                                ሺ22ሻ 

ଶܣ ൌ ൥
2 1 0.2
0 0 1
1 െ1 െ5

൩ ;                                                                         ሺ23ሻ 

ଷܣ ൌ ൥
െ2 1 0.5
0 1 1

0.5 1 െ3
൩                                                                          ሺ24ሻ 

 
Using theorem 4.1, the following set of conditions is 

obtained: 
 

ە
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۓ

െ3ݓଵ ൅ ଶݓ2 െ ଷݓ2 ൅ ሺܴଶଵ ൅ ܵଶଵሻ ൅ ሺܴଷଵ ൅ ܵଷଵሻ൅ן൏ 0
െ4ݓଵ ൅ ଷݓ ൅ ሺܴଵଶ ൅ ଵܵଶሻ ൅ ൅ሺܴଷଶ ൅ ܵଷଶሻ൅ן൏ 0             
ଵݓ െ ଶݓ5 െ ଷݓ3 ൅ ሺܴଵଷ ൅ ଵܵଷሻ ൅ ሺܴଶଷ ൅ ܵଶଷሻ൅ן൏ 0      
െሺ0.1ݓଵሻ ൅ ܴଶଵ െ ܵଶଵ ൌ 0                                                       
െሺെݓଵ ൅ ଶݓ ൅ ଷሻݓ0.5 ൅ ܴଷଵ െ ܵଷଵ ൌ 0                              
െሺݓଶ ൅ ଷሻݓ ൅ ܴଵଶ െ ଵܵଶ ൌ 0                                                  
െሺݓଵ െ ଶݓ ൅ ଷሻݓ2 ൅ ܴଷଶ െ ܵଷଶ ൌ 0                                     
െሺെ0.25ݓଵ ൅ ଶݓ0.2 ൅ ଷሻݓ0.5 ൅ ܴଵଷ െ ଵܵଷ ൌ 0                
െሺെ0.5ݓଵ ൅ ଶݓ ൅ ଷሻݓ ൅ ܴଶଷ െ ܵଶଷ ൌ 0                              

௝ܴ௞ ௝ܵ௞ ൌ 0                                         ݆, ݇ ൌ 1,2,3  , ݆ ് ݇
௝ܴ௞ ൒ 0, ௝ܵ௞ ൒ 0                               ݆, ݇ ൌ 1,2,3  , ݆ ് ݇

ଵݓ ൅ ଶݓ ൅ ଷݓ ൌ 1                                                                      
௜ݓ ൒ 0                                                                          ݅ ൌ 1,2,3
൐ן 0                                                                                             

    ሺ25ሻ 

 
Now, use proposed strategy to stabilize the system with 

sub-optimal convergence rate. So the following optimization 
problem is obtained: 

 

൝
max                                                ן

.ݏ                                                 .ݐ
        ሺ25ሻ ݐ݁ݏ ݐ݊݅ܽݎݐݏ݊݋ܿ

                                                     ሺ26ሻ 

 
  The optimal solution is 
 

ൌן 1.1774 , ଵݓ ൌ 0.5549 , ଶݓ ൌ 0.2828 , ଷݓ ൌ 0.1624. 
 
Note that convergence rate of average system is           

߰ ൌ 1.3152. So the system is asymptotically stabilizable via 
periodic switching (7) with convergence rate better than 
ൌ ן 1.1774. 

Figure 1 depicts the state trajectory of switched system 
initialized at ݔ଴ ൌ ሾ0.3,0.2,0.1ሿ via periodic switching: 

 

 
Figure 1. State trajectories under periodic switching with 
convergence rate better than ן ൌ ૚. ૚ૠૠ૝  
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Figure 2 shows part of the periodic switching signal: 

 
Figure 2. Part of periodic switching signal 

VI. CONCLUSION 
In this paper, properties of matrix measure have been used 

to obtain a set of linear and quadratic conditions for stability 
of switched linear systems with desirable convergence rate. 
These conditions need no tedious arithmetic to apply and 
thus easy to put into practice. In addition, they are more 
valuable in the presence of higher order systems with several 
subsystems since they can be easily verified. Besides, some 
system performances can be added by introducing 
appropriate objective functions subject to these conditions. 
As an example, an optimization problem has also been 
introduced to stabilize the system with sub-optimal 
convergence rate. 
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